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Abstract: \

In this paper, we consider a class of cubic stochastic operators defined on a finite-dimensional
simplex. Namely, cubic stochastic operators that have the form of a product of three linear operators
defined on a simplex.
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Introduction

There are many systems which are described by nonlinear operators. A quadratic stochastic operator
(QSO0) is one of the simplest nonlinear cases.

Let E = {1, 2,..., m} be a finite set and the set of all probability distribution on E

S™m1={x = (xq,..., %) € R™:x; = 0,37, x; = 1} (1)

be the (m —1) -dimensional simplex. A QSO is a mapping defined as V : S™" — S™" of the
simplex into itself, of the form (X) =x"eS™*, where

3

P,=P, >0 YP

o =Lforalll, JeE. (3)

T
N
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The trajectory (orbit) {x(")} ,of V' for an initial value X e S™ is defined by

X" =\ (x(”)) =v ™ (x(o)), n=0,12,.. .

One of the main problems in mathematical biology is to study the asymptotic behavior of the
trajectories. This problem was solved completely for the Volterra QSO.

For a given X E S™ the trajectory {X(n)} of initial point X(O) under action of CSO (8) is
n>0

defined by X" =W (X(n) ) ,where N =0,1,2,... with X = X, Denote by a)(X(O)) the set

0

of limit points of the trajectory {X(n)} . Since {X(n)} —S™ and S""isa compact set, it
n=0 n=0

is follows that a)(X(O)) =D If a)(X(O)) consists of a single point, they the trajectory converges
and a)(X(O)) is a fixed point of the operator W . A point X € S™ is called a fixed of the W if
W (X) = X. Denote by FiX(W ) the set of all fixed points of the operator W , i.e
Fix(W)={xeS™ W (x)=x}.

Let DW (X*) = ((3‘Wi / ox, )(X) be a Jacobian of W' at the point X .

We consider CSO (2), (3) with additional condition
P.,=ab.c, foralli,jkleE, @)

ijk,I il jl

i
conditions (3) are satisfied for the coefficients (7).

where &,,b,C, € entries of matrices A=(a, ), B = (bu) and C =(C,, ) such that the

Then the CSO W corresponding to the coefficients (7) has the form

(= (), =(A(), (B0, (€(x), @
s (A(X)) =37, (B(X), = 320yx, 26 (C(x)), = 3o

Definition 5. The CSO (12) is called separable cubic stochastic operator (SCSO).
Let us consider the following matrices:
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10 0 11 1+3 1 1ra 1
A=|0 1 0| B=|1-a 1 Cc=| 1 1 1+al@
0 0 1 1 1-a 1_% 1 1

where & €[-1,1].

Then corresponding SCSO W : S — S? is:

fx1’=xl(xl+(1 a)X, + X )[x1+ (1—§j 3}
(

W =%, (% +% +(1-a)x)((1+a)x + X, +x), 10

X! = X ([1+2jx1+x +x3j(x1+ (1+a)x, +X,).

Using the equation X + X, + X, = 1 we rewrite the operator (19) as follows

x1’=x1(1—ax2)(1—%x3],
=X, (1-ax,)(1+ax ), @1
X, =X (1+ xlj(1+ax2).

Evidently, that if @ = O the SCSO (11) is the identity map. For this in the below, we consider the
casewhen a # 0.

Let a face of the simplex S° be the set I = {X eS?: X =0,igac {1,2,3}}.

Let the set iNtS? = {X e S I XXX, > 0} and let the set 6S° = S? \int S? be the interior
and the boundary of the simplex S?, respectively. Let e = (1,0,0), e, = (0,1,0),

e, = (O, O,l) be the vertexes of the two-dimensional simplex.

(0

Let X e S? be the initial point. Then the trajectory of X is denote by {X(n)} and is
n>0

defined as W (X(n)) = X" Wwhere N = 0,12,...

Theorem 1. For the SCSO W (11), the following assertions true:
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(i) If @ €[—-1,0), then

i (0)
limw " (x) = e, 1f XT el \es)
o e, if x%e8? \[psy-
(ii) If @ € (0,1], then
i 0)
limw" (x) = e 1T xTely, e
no e, if x9es’ \['yye
Proof: (i) If & e[ -1, O) Let X" (0, X2 VX )e L, ;- By Theorem 1, the face F{2,3} S

an invariant set and the vertexes €, and €, are fixed points belonging to this face. For the SCSO
W (11) is true Xl(n) =0,n=0,12,... at the face F{23} . The restriction of the SCSO W (11)

on the face Fm} has the form

X, =X, (%, +(1-a)x,),

!

X3

(12)

X ((1+a)x, +x,)
From the first equation of (12), one has

X" = x| (1 axs) x", n=012,...

2

Therefore, it follows that there exists the [Im Xén) = X;. Moreover, from the second equation of

n—o0
(12), one has

X§n+1) :Xén)(1+axgn))gxgn)’ n:0’1’2’““

Therefore, it follows that there exists the |ImX) X;. So there is the Ilimit

n—o0

limw" (X(O)) X" —(0 X; X;) Since X" should be a fixed we get X” =€,. That is, if

’ ’
n—oo 2

)'> 0 then we have that limW " ( x ( ) = e, forany X = F{Z,S} \{63}.

n—o0

Let X =S? \F Then, from the first equation of operator (12), one has

X" =x" (1—%x )(1 ax”)) x", n=012,...
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So we have that there exists the [Im X1 = )(1 Moreover, from the third equation of operator (12),

n—o0

one has

3

X" = x! [1+ X" j(1+ax§”))£x§“>, n=012,...

Therefore, it follows that there exists the lim X" = X Thus, using X" + X" + x{" =1 we

N—o0

have I|mx W = X;. So there is the limit I|mW”( )ZX* =(X1*,X’2k,X§). Since X" should

N—oo nN—o0

be a fixed point we get X =€, .

Consequently, we have that [imW " (X(o)) e, for any X% =g? \F

n—o0

i) If ae(0,1]. Let X e F{LZ}. By Theorem 1, the face ', is an invariant set and the

vertexes €, and €, are fixed points belonging to this face. The restriction of the SCSO W (20) on
the face F{lyz} has the form

X =% (% +(1-a)x,),
X, = xz((1+a)x1+x2).

Not that, for the SCSO W (13) is true X =0, n=0,1,2,... at the face F{l ,, - From the first

equation of (13), one has

(13)

X" = X" ( g”))SXf”), n=012,....
Therefore, it follows that there exists the 1im X1 X1 . Moreover, from the second equation of

N—oo
(13), one has

X" =x"(1+ax” )= x", n=012...

So we have that there exists the |ImX(”)—X Hence there is the limit

N—o0

limw" (X(O)) X —(Xl, o ) Since X" should be a fixed point we get X' =€, . That s,

n—oo

if X )'> 0 then we have that I|mW”( )z e, forany X = F{LZ} \{el}.

Nn—o0

Let X =G? \F Then, from the first equation of operator (11), one has
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X" = X" (1—%X§n)j(1—aX§”)) <x", n=012,...

Therefore, it follows that there exists the lim Xl(") = X, . Moreover, from the third equation of

N—oo

operator (13), one has

3

X" = (" (h%xf”)j(h aXin)) >x", n=012,...

Hence one has that there exists the lim x." = X . Thus, using X"+ x4 X =1 we have

00 2 3
Inlm Xgn) = X;. So there is the limit LLYL\W” (X(O)) =X = (Xl*, X, X;) Since X" should be a

fixed point we get X' = e,.

Consequently, we have that [imW" (X(O)) =g, forany x© = g2 \F{l "

N—o0

The theorem is proved. |
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