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Abstract

An inequality containing a variable only under the logarithm sign is called logarithmic.
Keywords: logarithmic inequality, solution, least integer solution, equivalent inequalities,
system of inequalities.

Introduction

For example, inequalities of the form log, f (X) >log, g (X)’ log, f (X) <log, g (X)

at a>0a= 1are logarithmic.

When solving logarithmic inequalities we will use the following properties:

a,b,c a>0,az1l b>0,c>0

1. For all admissible values such that

are true:

the following statements
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1) inequalities 092 P —109.b>0 = (a-1)(b-1)(c-1)(c—a)>0
I

b—log . b>0« (a-1)(b-1)(c-1)(c—-a)=0
3) . inequalities log,b—1log,b<0<(a-1)(b-1)(c-1)(c-a)<0
2) . inequalities 1090 —109.p<0 = (a-1)(b-1)(c-1)(c—a)<0
Problem 1. Solve the inequality

log,, (2x* -5x+8) <log,, (x* +x)

Solution: This inequality, taking into account the domain of the logarithmic function, is equivalent
to the system

2) . inequalities log,

(.’.’»x—l)(Zx2 —5x+8—x* —x)SO
3x=1

log,, (2x* ~5x+8) <log,, (X* +x) < 13x>0 o
2x* —5x+8>0

x2+x>0

3(x—%j(x2—6x+8)30
1
—=|(x=2)(x—4)<0
1 3209
3
1
=S<IX>0 = x¢§ =
2
2x°-5x+8>0 x>0
x(x+1)>0 YeR
x<=
x<1 3 1
3 x>0 0<x<§
< ZSXS4<:> <
{2§xs4 2<x<4
x>0
| x>0

xe(O;EJu[2;4].
Answer. 3
Problem 2. Solve the inequality
log, (x—5)—log, (13— x) -0
log, , X

Solution.
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To solve this inequality, instead of the numerator of the fraction, we write the product

(x-1)(x-5-(13-x))

and together with the denominator of the fraction - (x=3-1)(x-1).

Then we obtain a system of inequalities
log, (x—5)—log, (13- x) 0w log, (x—5)—log, (13-X) §

0=
Iogx—3 X Iogx—3 X— Iogx—31
(x—l)(x—5—13+x) (x—l)(Zx—l8)
< <
(r-3-1)(x-1) (x-4)(x-1) 2(-9)
<0
x>0 x>0 x—4
< 1X=5>0 Sax>5 = IX>5 &
x—-3>0 X>3 x<13
13—-x>0 x<13
4<x<9
= = 5<x<9.
{5<x<13
Answer. e (5; 9)'

Problem 3. Solve the inequality

X
|Ogi (m)|0gx3(x2 + 2) <0

Solution.
Applying the above solution method, we obtain a system of inequalities:

|09iFX2'|09x3(X2 +2)<0<e
= (Iogi F)(Z—Iogil}(logH(x2 +2)— IogX_31) <0<

G_lj(xiz —lj(x—3—l)(x2 +2-1)<0

1>O
X

SIx#1 =

X
x+2
x=3>0
X—=3#1

>0
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-X =2
— .~ (x=4)(x*+1)<0
X x+2( J ) (x—l)(x—4)<0
x>0 x(x+2)
aIxzl &S9x>3 =
X>—2 X#4
X>3
X4
-2<x<0
-2<x<0
X>3 Xed
= L£x<4 = = & 3<x<4.
{1£x<4 3<x<4
X>3
X>3
Answer. ™ (3; 4)'
Problem 4. Solve the inequality
1 1 1
5 > +
log, (3x*~2) " log, x  log, x
6 3 2
Solution.
Let us write this inequality in the form:
lo 1 lo 1 lo L
1 1 1 Jai2) 6 i3 9y

> > + < 5 > + =
Iogl (3X - 2) |Og1 X |091 X |0g(3xz_2) (3X — 2) |ng X |ng X
3 2

6

< log 1>Iog 1+Iog 1<:>Iog 1>Iog 1<:>
@ﬂZ)? x% ) (3*-2) 6 6
log, , .=—log.=>0 1
=109, 55 ~109. ¢ @

Let's use the rationalization method.
Inequality (1) is equivalent to the system of inequalities:

(3x° —2—1)(%—1)(x—1)(3x2 ~2-x)>0
< 3(x2—§)>0 &

x>0
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3(x* —1)(—gj(x—l)(—3x2 +X+2)>0 (%2 ~1)(x-1)(3%* ~x~2)>0

= x2—g>0 = £x+@][x—ﬁ)>0
3

3 3
x>0 x>0
1< x<—3
3
B x<—£
“1l<x<—— 3
2
(x—1)3(x+1)(x+§J>O :X>1 _1<X<_§
/6 J6

X< ——— x> Yo
=N (x+§}[x—?]>0 =N 3 = 3 =N

0 Sy
X >
- 6
x>0 X<—£
3
x>1
o6
L 3
x>0
_ \@ ]
-1 -
X< 3 —1<x<—§
Xed Xed
PN &l Ix>0 & S x>1
Xed x>1
Xx>1
Xx>1
- {x>0
x>0 -
Answer. e (1; * OO)'

Problem 5. Solve the inequality
log, , (X* —6x+8)-log, , (3x-12)>0

Solution.
This inequality is equivalent to a system of inequalities
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(9-x-1)(x* —6x+8-3x+12)>0  [(8—x)(x*~9x+20)>0
9-x>0 x<9
= =
x> —6x+8>0 (X—Z)(X—4)>O
3x-12>0 x>4
X<4
-8)(x—4)(x-5)>0
(x=8)(x=4)(x=5)> {X<4 X>4 {x:s@
<ex<9 <4 5<x<8s =
{5<x<8 5<x<8
x>4 X>4
X>4
< b« x<«8.
Answer. *e (5; 8)'
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