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Abstract:

In the study, the head parts of the slopes of the selected three-tiered elastic plate are selected as
search functions. Thus, a system of fifth order differential equations, which can be used to solve
practical problems, has been created and mathematical operations are performed, and this system of
equations can be eliminated by the Maple 12 program, which can occur in three-dimensional plate
positions and tension graphs.
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Introduction

Currently, numerous research works are being conducted on multilayer structures, particularly
three-layer plates. This is due to the high stiffness of three-layer plates during various vibration
processes and the ease of solving economic problems. Many articles contribute to this body of work,
including [1,2].

Multilayer structures, especially three-layer plates, are widely used in various fields of
technology and construction. In many cases, the dynamic analysis of plates is conducted based on
classical theories relying on Kirchhoff's hypotheses [3]. In some instances, dynamic calculations are
based on refined S.P. Timoshenko-type equations that take into account transverse shear deformation
and rotational inertia [4].

Over the last few decades, plate theories based on the exact solution method by G.1. Petrashen
have been developed. In particular, using this method, symmetric structure theories for three-layer
plates have been created by Professor I.G. Filippov and his students.
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In this paper, the vibration equations of a three-layer elastic plate are derived using the
aforementioned Petrashen—Filippov method, but considering the problem as a plane issue. Along with
the vibration equations, an algorithm is developed that allows for the determination of stress
deformation states at any cross-section of the plate with respect to coordinates and time.

Problem Statement

We consider a three-layer plate in the Cartesian coordinate system. The layers of the plate
consist of different materials, and the contact between them is assumed to be perfect. The plate is
analyzed in a state of planar deformation, viewed in its rectangular coordinates (Figure 1). The axes
are directed along the contact line of the layers in the cross-section, and the vertical axis is directed
perpendicular to it. The layers are numbered as "1,” "2," and "3." Let the thicknesses of the layers be
denoted as h,, h, va h,, with the Lame coefficients for the materials of the layers being (4, 1, ),

(A4, 4,) ,and (1,, u,), and their densities as p,, p, va p,.

The relationships between stresses and deformations at the points in the layers, as well as the
equations of motion for layer points in the Cartesian coordinate system, are as follows:

o = /lm( )+2,um((m)
_ﬂm((m) )

m m azumi 11
N . P (I,j=X,y,Z) ()

here, the indices m = 0,1,2 - denote the layer numbers.

Considering that the potentials of transverse and longitudinal waves[6] are the displacement vectors
um"=u- (U N ,Wm) of layer points in the state of planar deformation, we introduce[7]:

M = gradg,, +roty,, (3)

Here, T, j, Kk are the unit vectors of the coordinate axes. Substituting these expressions (3) into the
equations of motion (2) leads us to the wave equations.

1 d%p 1 o%,
Ap,=——2%; A n 4
Pm a2 o Ym = b2 ot 4)
2 2
where A = 8_2+a_2 is the two-dimensional Laplace differential operator.
X z
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We assume that the plate is in a static state at time t <0, and at t = 0, dynamic loads begin to act on
its boundary surfaces. The boundary conditions then take the following form:

When z = £h,,

ol = fxm(x,t); ol

Xz 24

=f"(x,t) o"=0 (mM=0212) (5)

yz
Additionally, the following kinematic conditions are valid at the contact surfaces of the layers:

U,(x,zt) . =U,(xzt) W, (x,z,t), . =W,(x,2,t) (6)

z=hy ’ 7= z=h,
The initial conditions are assumed to be zero, that is, at t=0.

o, oy,
P =W =0; g’t =%=o (7)

This, the problem of longitudinal vibrations of the three-layer plate is reduced to integrating the
system of equations (7) under the boundary conditions (5), (6), and the initial conditions.

The solution to the problem.
To solve the problem, we need to use the potential functions for y/ and ¢, .[5]

= sin kx - =C0S kx
= dk | @ e"dp; = dk |w _e™dp, =0,12). 8
0| e I F s = [ 700, (=012l ©

we will express them in the form and substitute them into [4].

d’g, - Vo oo
=0 a0 (n=012) )

we will derive the equations. Here:
1 1
aé=k2+a—2p2; ﬂnf:kz‘Fb—z 2 (10)
The above (5) shows that under symmetric loading, the plate oscillates longitudinally, and the
solutions to the equations (9) are composed of
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9. (z2,k,p)=AY%ha, z, v, (z,k,p)=BYshg z. (m=0.12) (12)
The displacements of the points of the Iayers can also be represented in the form of (8), and we will
have expressions for the altered U W

U, =kAY%h(a, 2)-p, Brf})ch(,b’ z) =a, AVh(a, z)-kBsh(s z). (m=012) (12)
We will expand the right-hand side of these (12) expressions in a series based on the degrees of («,,2)
and (5,2)

~ ®©

Z[ n+2 kﬂ2n+1 ](

n=0

2n+l 2n

z T ~ 2n 2n+1 13
sy e kel Al a9

We will choose the boundary terms of the displacements Ul and VVl as the sought functions
in the equations of motion for the three-layered plate, that is...

U =kA" - BB, W, = oz AY - kBB k.
From here,

~

- kaéo) W — aozljé")

0
Aél) — : ﬂo Bél) —

al —k?

k
° (14)

al -k’

By substituting the above (12) expressions for the altered displacements Um and VVm into the (6)
contact conditions, we obtain a system of equations. Solving this system will allow us to express the
constants A" and B in terms of A" and B"

After this, by substituting the derived expressions into (13), we can further analyze or simplify the

results accordingly.
1 1 k ~ o’ ~
AY = (AO +— A, WS — KA, + =2 A, UO |
aoz —kZ)A(l Cf 11 ,80 12 0 11 ,Bo 12 0

1 1 K o |~ al o )\~
B = N, +—A, ks, + 2o x0, [0, (15)
k)A{f( 2 }N [ 2 j }

To find the non-zero stresses o*if‘) ( ) atan arbitrary point in the plate layers, we will express

them similarly to (8). Then, we substitute (8) into (1) from the opposite side, equating it with the
expression described in (8).
(k. p)

M, (2ke, AV (k, p)sh(ayz)— (82 +k2)BY(k, p)sh(B,2))=
'(k,p)  (16)

£
[Eue k) 2Wk* Ak, plen(osz) - 2M,K B (k, peh(p,2) = .k
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By substituting the values of Al(l) and Bl(l) determined by the formulas (15) into the relationships (16),

and expanding the hyperbolic functions in the resulting equations into power series based on the levels
of the thickness coordinate, we obtain the general equations for longitudinal vibrations of the three-

layered plate.

Since the orders of the derivatives in these equations are infinite, we assume that the conditions for
truncating infinite series, as presented in [6], are satisfied. Thus, we limit ourselves to the first terms

in the expansions.

As a result, we arrive at the following system of equations that can be applied in practical problems.

(hy+hy)rg (h+h)ho (hyth)g , , (+h)hg | o
_{A“ e }at {A“ AT ]ax26t2+

{/’&s( G 1, (o AT }a : {A7(ho+6m)h§+Als(hogm)Lt

_[%(hﬁﬁn)hz Am(hom)} +Am(h+hl)} Wo_ {[ brhke, Bu(hm)}

{BB (h, +6m)h§ .p (M hl)g} o*

ott

6 ox’ot?

{Bls(ho”l)ho B, } + By (hy+ hl) Um):;}ugo):

ot o hoo na R (R
=\Sip5p S 20 g g 0 bk, p); (17
{ 2ot 21aver T 2ad e e e YD P (A7)

e a Mele+h) ot |, e, Khy+h) | o
ﬂAﬂ BT }E [A“ SRR }8x26t2+

12 6 2

_ (hy m) Gl g Murh)) o
{&9 A210 ‘| A211}§ {|: BZl 12 + BZZ 12 6'[4

s, .5 hé(hm)z} o {B L ho(hm)}a .
x*

|:A25h A26h0(h0+hl):|aax4+|:A27&+A28(ho+hl) :|%_

—+
12 12 ox2ot? ST 12

i + h h,+h,) 0
+ Bz7 6 + st (ho 2h1) :|6t {Bzgg"'Bzm( 0 Zhl) ‘|5X2 Bzu}axu o
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hy & hy o he o h? 67 h? 6
-S,—~ + -2 +5,-2— -S,>—+1;f,7(k,
{ "120t T120%%0t? 120x* ° 6 ot? 6 o k)
Here, A”. , Sij are constants that depend on the elastic properties of the layers, as indicated

in(i,j=12).

ij !

To solve the system of equations (17) for the vibrations of a freely supported three-layered plate, we
incorporate the boundary conditions pertinent to the free-supported case. By using the h, =0.05,

h, =0.0025, h, =0.0025, a, =0.38, a, =1, by =0.26, b, =05, b, =05, z,=0.05, z; =0.05, z, =0.05,
£=0015; f,=1.9-107°, f, =1.9-107° "Maple 12" software, we can solve this system and determine
the sought functions.

This will allow us to find the displacements and stresses that develop within the layers of the three-
layered plate.

For example, the displacements of the middle layer are expressed through the sought functions
as follows.

2 & 2* o 1 220
k)= -0 Fo--a ) S -La 2 Zw

2z & (1 2% o? 23 o?
st =a -2 P o e e e

By substituting the obtained functions for Uéo)(x,t) and WO(O)(x,t) into these expressions, we can
obtain the three-dimensional graphs of the displacements in the middle layer. Alternatively, we can

Uy(x)
0,15 <=+ 0.2 0.5 — - — 0.3 =0.15 -+ - - 0.2 t=0.25 = - = 0.3

— - =035 — -=037 =0.39 t=0.4 — - =035 — -t=0.37 t=0.39 1=0.4
a) b)
Figure 2. Graphs of the Displacements of the Middle Layer U, (x,t) and Wo(x,t) Their Variation

with Respect to Coordinates.

generate graphs showing how the displacements in the middle layer change with respect to the
coordinates for various values of time.
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Obtained Results

In this context, Figure 2 depicts the graphs of the displacements w,(x) and u,(x) of the

middle layer points in a three-layered free plate, oriented along the axes. These graphs illustrate that
as time increases, the displacement graphs also increase accordingly. This behavior highlights the
dynamic response of the plate under vibrational conditions.
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