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Abstract:

This article constructs a numerical solution for a nonlinear diffusion equation with a time-
fractional derivative. The considered problem is posed on a semi-infinite domain, where the diffusion
coefficient is expressed through a power function of the solution. The boundary condition of the
problem also has a nonlinear form. The time-fractional derivative is discretized by an L1-type
fractional difference approximation, while the spatial operator is discretized by the finite difference
method in conservative form. The nonlinear diffusion coefficient is taken from the previous time layer,
leading to a semi-implicit scheme. As a result, a tridiagonal system of linear algebraic equations is
obtained at each time layer. This approach simplifies the computational process, improves stability,
and provides a convenient framework for practical implementation.
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Introduction

Fractional differential equations play an important role in the mathematical modeling of
processes with memory effects. In classical differential equations, the current state of a process mainly
depends on the current time and spatial variables, whereas in fractional-order equations the states at
previous time layers are also taken into account. Therefore, such equations are used to describe
anomalous diffusion, filtration, heat transfer, biological population dynamics, and mass transfer
processes in complex media. [1-5, 7]

This paper considers the following nonlinear fractional diffusion problem:
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g(uma—u), xeR, t>0,
OX OX

-u?(0,1),

u(x,0) =u,(x), XeR,.

Here, (0<a<1), (m>0), (q>0), (u_O(x)) is considered as a compactly supported
nonnegative initial function.

The main purpose of the article is to construct a semi-implicit numerical scheme for solving
this problem based on an L1-type fractional difference scheme and the finite difference method with
respect to the spatial variable. [8-11, 13, 14]

2. Mathematical formulation of the problem

The considered problem is written as follows:

Q(Um(x,t) ou(x,t)
OX OX

Here, (“Dfu) is the fractional derivative in the Caputo sense, defined as follows: [6]

j, x>0, t>0.

, O<a<l.

1 It ou(x,s) ds
I'l-@)’° o0s (t—s)*
The following nonlinear boundary condition is given at the left boundary:
u™(0,t)u, (0,t) =—u?(0,t).
The initial condition is:
u(x,0)=u_0(x).

In practical numerical computations, the semi-infinite domain is replaced by a finite interval:

0<x<L.

Here, (L) is chosen sufficiently large. If the initial function is compactly supported, the value
of the solution near (x = L) is sufficiently small. Therefore, the following condition is imposed at
the right boundary: [15]

u(L,t)=0.
3. Construction of the difference grid

A uniform grid is introduced on the computational domain as follows:
x. =ih, i=0,1...,N,

t =nr, n=0,1,...,M.

where
h= L, T= l
N M
The numerical solution is denoted as follows:
u’ ~u(x,t).

The objective is to determine the (u') values successively over the time layers.
4. L1-type fractional difference approximation in time
The Caputo derivative at (t ) is approximated by the L1-type fractional difference scheme as

follows: [8-11]

n+1
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D70~ o DA (0 ),
where
=(k+1)"* -k, k=01...,n
Introduce the following notation:
u=7T'(2- ).
Then the L1 approximation can be written in the following form:

1 n
¢ Dtau(xi , tn+l) ~ _{uinﬂ - uin + Zak (uinﬂ_k - uin_k )}
H k=1

This expression takes into account the memory property of the fractional derivative. That is, the
solution at the new time layer is related to the values at the previous time layers. [8-11]

5. Approximation of the spatial operator by finite differences

The nonlinear diffusion operator on the right-hand side of the equation is given in conservative

form:
0 ( o auj
—(u"—.
OX OX
We approximate this operator by finite differences as follows: [13, 16]
U _un+1
A L
il h

2
Here, the diffusion coefficients are taken from the previous time layer:

u' +u’, " u’, +u’ "
2 ' 2 '

Taking the coefficients at the (n)-th layer makes the scheme semi-implicit. That is, the nonlinear

diffusion coefficient is taken as a known value from the previous layer, while the unknown (u™)

values are involved at the new layer. As a result, a system of linear algebraic equations is obtained at
each time layer. [14, 16]

6. Semi-implicit numerical scheme

Combining the L1-type fractional difference scheme and the spatial finite difference
approximation, the following semi-implicit numerical scheme is obtained: [8-11, 13, 14]

Alril( n+1_un+1)n
2

This equation is written for the (i=1,2,...,N —1) internal nodes.
We transform the equation into algebraic form:
An n+an

|+1 i

where
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Thus, at each time layer, the following tridiagonal system of linear algebraic equations is
obtained: F".

Here
a, =—TA",

i .
i—=
2

yi! :l+r[Ai“_1+Ai”+1),
2

2

Since the resulting system is tridiagonal, it can be solved efficiently by the Thomas algorithm.
[13, 16]

7. Discretization of boundary conditions

The following nonlinear condition is given at the left boundary:

u™(0,t)u (0,t) =—u?(0,1).
We write it using a finite difference as follows: —(uj)°.

Here, the (u™) and (u") terms are taken from the previous time layer. As a result, the boundary
condition also has a semi-implicit form: [14]
—h(ug)*™.
Hence
U+ h(ug)™
is obtained.

If (q < m) and (u, =0) occurs, then to avoid division by zero or the appearance of very large
values in numerical computations, a small (e > 0) regularization can be introduced: [14, 15]
(U)™" ~ (U +&)" .
At the right boundary, the following condition is imposed:
n+l
uy =0.
8. Computational algorithm
Based on the above scheme, the computational algorithm is constructed as follows.
1. Initial parameters are chosen:
a, m ¢d L T, N, M

2. The grid steps are determined:
h= L, T= l
N M
3. Initial values are prescribed:
u=u,(x), i=01..,N.

4. The coefficients of the L1 scheme are calculated:
a =K+ -k,
. Ateach (n=0,1,...,M 1) time layer, the diffusion coefficients are determined:

9]
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ur vl )
At

6. The right-hand side terms are calculated:

n
n n+1-k n—k
U; E ak(ui —-u; )

k=1

. A tridiagonal system of linear algebraic equations is constructed. [13, 16]
. Boundary conditions are taken into account:

u™ +hu)®™",  ult =0.
9. The resulting system is solved by the Thomas algorithm. [13, 16]
10.The results are stored in the form (u™™) and the computation proceeds to the next

00

time layer.
9. Solution by the Thomas algorithm

From the semi-implicit scheme, at each time layer (ui“”), (i=12,...,N-1), atridiagonal

system of linear algebraic equations is obtained with respect to the unknowns. [13, 16]
The scheme obtained for the internal nodes was as follows:

rA" Uty
|+E

Fin

where
rzﬁ, u=r"T(2-a),
n
uln Zak (uin+1—k _ uln—k )

k=1

From the left boundary condition,
U +h(ug)* ™"
the following relation is obtained. Therefore, for (i =1) in the equation, the above
expression is substituted for (uj™):

rAJUI .
2

Substituting
U+ h(ug)™ "
we obtain the first equation in the following form:
rAUYE" +rhA (ug)* ™.
2 2

For the internal nodes (i=2,3,...,N —2), the tridiagonal equations are written as follows:
rAn lun+an.

150+ i

2

At the right boundary,
ugt=0

since this condition holds, for (i =N —l) the following equation is obtained:
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R
Thus, for the unknown vector (U™ = (u™,uy*,...,uy)") the following tridiagonal
system is obtained:

dlulml +C1u2+1 =@,
., i=23,...,N=-2,
P

Here, the coefficients are defined as follows:
d, =1+rA;, ¢ =-TA],
2 2

F"+rhAl (ug)*™,
2

ai:_rA.nl’ di:1+r(Anl+Anl]’ Ci:—rA_“

IiE Ifi HE |+E
o =F", i=23,...,.N=-2
ay., :—rA;_E,
2
1+r(An s A 1],
NS )
Oya = Fl\?—l'

Thus, at each time layer, the posed fractional nonlinear diffusion problem is reduced to the
following tridiagonal system in matrix form:

(¢1’¢2’¢3’---7¢N4)'

Since the resulting system is tridiagonal, it can be solved efficiently by the Thomas
algorithm. [13, 16]

In the Thomas algorithm, first the forward sweep is performed. At the first step,

Plz_&i Q1:ﬁ

dl dl
are determined. For the subsequent (i=2,3,..., N —1) values

R =
d +aPR,
Qi — G _a'iQi—l
d,+aP.,
are used for computation.
Then the backward substitution is performed. First,

n+l

Uy, = QN71
is taken, and then
Pu™ +Q, i=N-2,N-3,...,1
is used to determine the remaining unknowns.
After that, the value at the left boundary

184 | INNOVATIVE: INTERNATIONAL MULTI-DISCIPLINARY JOURNAL OF APPLIED TECHNOLOGY
www.multijournals.org



U +h(ug)" "
is recovered by this formula, while at the right boundary
n+l
uy =0
is taken.
The computational complexity of the Thomas algorithm is (O(N )) therefore, this method is

also convenient for large-scale discrete grids. [13, 16]

10. Advantages of the semi-implicit scheme

The proposed semi-implicit scheme has several important advantages.

First, the L1-type fractional difference scheme in time takes into account the memory property
of the fractional derivative. [8-11]

Second, the spatial operator is approximated in conservative form. [13, 16]

Third, since the nonlinear diffusion coefficient is taken from the previous time layer, a system of
linear algebraic equations is obtained at each time layer.

Fourth, because the resulting linear system is tridiagonal, it can be solved quickly and efficiently
by the Thomas algorithm. [13, 16]

Fifth, compared with fully explicit schemes, the semi-implicit scheme has better stability
properties. [3, 13, 14]

11. Sample initial function for a numerical experiment

The following compactly supported initial function may be used for numerical experiments:

U, (X) :{(1—x2)2, 0<x<1 }
For example, the following parameters can be chosen:
a=0.5, m=2, q=1
L=5, T=1 N =100, M = 200.
In this case, the grid steps are as follows:
h =0.05, 7 =0.005.
As a result of the numerical computations, the time evolution of the (u(x,t)) function, the

displacement of the diffusion front, and the influence of the nonlinear flux at the boundary are
analyzed. A decrease in the («) parameter slows down the process, since the fractional derivative

strengthens the memory effect. An increase in the (m) parameter strengthens the dependence of the
diffusion coefficient on the solution value. The (q) parameter determines the absorption or flux
intensity at the (x=0) boundary. [8-11, 15]

12. Error and convergence order

For smooth solutions, the order of approximation of the L1-type scheme in time is usually
estimated as follows: O(z**). [8-11]

Since the spatial finite difference approximation is constructed on the basis of central
differences, it has the following accuracy: O(h?).
Therefore, the total error estimate can be expressed as follows: [13, 16]

lu(x,t,)—u' [<C(z*“ +h?),

where (C) is a positive constant independent of the grid steps.
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13. Conclusion
The considered problem describes a nonlinear diffusion process. The presence of the (u™)

coefficient in the equation means that the diffusion rate depends on the solution itself. If (u) is small,

diffusion slows down; if (u) is large, diffusion accelerates. Such a property occurs in filtration, heat

transfer, and biological population dynamics. [15]

The time-fractional derivative means that the process has memory. In other words, the current
state of the system depends not only on the current time but also on its previous states. The L1-type
fractional difference scheme naturally represents this memory effect through a discrete sum. [1-4, 8-
11]

In the semi-implicit scheme, nonlinear terms are taken from the previous time layer. This
significantly simplifies the computations. In a fully implicit scheme, a nonlinear algebraic system is
obtained at each time layer, and it must be solved by Newton's method or other iterative methods. In
the semi-implicit approach, however, a linear algebraic system is obtained, which is convenient from
the viewpoint of programming and computation. [14, 16]

In this article, a semi-implicit numerical scheme based on the L1-type fractional difference
scheme and the finite difference method was constructed for a nonlinear fractional diffusion equation.
The time-fractional Caputo derivative was discretized by the L1 approximation, while the spatial
nonlinear diffusion operator was discretized by conservative finite differences. Since the nonlinear
coefficients were taken from the previous time layer, a tridiagonal system of linear algebraic equations
was obtained at each time layer. [8-11, 13, 14]

The proposed semi-implicit scheme is computationally simple, stable, and convenient for
practical problems. This approach can be used for the numerical modeling of fractional diffusion,
anomalous transport, filtration, and heat transfer processes. [1, 2, 14, 15]

In future work, it is advisable to conduct numerical experiments for various (), (m) and (q)

parameters, analyze the results graphically, and study the stability and convergence properties of the
scheme in greater depth.
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