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Abstract:

The rapid growth of urbanization, motorization, and transportation demand has significantly
increased the complexity of traffic management in modern cities. Accurate forecasting of road traffic
capacity has therefore become a crucial task for transportation engineers, urban planners, and
policymakers seeking to improve mobility, reduce congestion, and optimize infrastructure
utilization. This study presents a mathematical modeling framework for predicting road traffic
capacity based on fundamental traffic flow dynamics. The proposed approach employs the classical
relationship between traffic flow, traffic density, and average vehicle speed and integrates an
exponential speed—density function to describe nonlinear traffic behavior under varying congestion
conditions. The mathematical model enables the determination of critical traffic density and
maximum traffic throughput through analytical optimization of the flow—density relationship.
Numerical simulations were conducted using a wide range of traffic density values to evaluate the
model’s predictive performance and investigate congestion formation mechanisms. The simulation
results demonstrate that traffic flow increases with density up to a critical threshold, beyond which
traffic instability and congestion effects emerge, causing a reduction in operational efficiency.
Furthermore, the model successfully reproduces the nonlinear characteristics of real traffic systems
and provides physically interpretable estimates of roadway capacity. The findings indicate that the
proposed modeling approach can serve as an effective tool for short-term and medium-term traffic
forecasting, transportation planning, and intelligent transportation system applications. The model
is computationally efficient, analytically transparent, and easily adaptable to various road network
conditions. In addition, the framework creates opportunities for integration with real-time traffic
monitoring technologies, sensor networks, and artificial intelligence algorithms. The proposed
methodology contributes to the advancement of data-driven traffic management strategies and
provides a practical foundation for improving road network performance, reducing congestion, and
supporting sustainable urban transportation development.
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Introduction

Road traffic congestion has become one of the most pressing challenges in urban transportation
systems worldwide. Efficient utilization of existing road infrastructure requires accurate forecasting of
traffic capacity under varying demand conditions. Traditional deterministic approaches often fail to
capture nonlinear traffic dynamics, especially near congestion states [1].

Recent studies emphasize the importance of mathematical modeling and simulation techniques for
traffic flow analysis. Forecasting road capacity through traffic flow models enables proactive traffic
control, congestion mitigation, and data-driven infrastructure planning [2].

This paper aims to develop a mathematical model for forecasting road traffic capacity by analyzing
fundamental traffic flow relationships and validating them through numerical simulations [3].

2. Theoretical Background of Traffic Flow Modeling

Traffic flow theory is commonly described using three primary variables:

o Traffic flow q — vehicles per hour (veh/h)

o Traffic density k — vehicles per kilometer (veh/km)

o Average speed v — kilometers per hour (km/h)

The fundamental relationship is given by:

q=k-v

2.1 Speed—Density Model

In this study, an exponential speed—density relationship is adopted:

A

v(k) =vy-e ®

where:

o vr— free-flow speed (km/h)

o ko — critical density parameter (veh/km)

2.2 Traffic Capacity Estimation

Substituting the speed model into the flow equation:

q(k) = k- vy .e h

Traffic capacity qmaxq {max}qmax is obtained by:
d
(T
dk
which yields the critical density:

kc = k0
and maximum flow:

! , o
Amaxr — I\(l ' lf i -

2.3. Model Validation and Practical Applicability

To ensure the reliability of the proposed mathematical model, validation is an essential step. In this
study, the model is validated through consistency analysis and comparison with known theoretical
traffic flow behavior [4].

The exponential speed—density relationship used in this work aligns with empirical observations
reported in classical and modern traffic flow studies. Specifically, the model reproduces the following
key characteristics [5]:
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e Monotonic decrease of speed with increasing density

o Nonlinear increase of flow up to a critical density

o Existence of maximum flow (capacity) followed by instability

Additionally, the model demonstrates stability under varying parameter values, such as free-flow speed
and characteristic density. Sensitivity analysis shows that changes in these parameters directly
influence the predicted traffic capacity, confirming the physical interpretability of the model [6].
From a practical perspective, the proposed model can be applied in:

o Urban traffic signal optimization

o Highway capacity planning

o Intelligent transportation systems (ITS)

o Real-time traffic monitoring and prediction

Furthermore, the simplicity of the model allows for easy integration into traffic simulation software
and decision-support systems without significant computational cost [7].

Materials and Methods

3.1 Data Generation and Simulation

Due to controlled experimental conditions, synthetic traffic data were generated representing varying
traffic densities from 10 to 120 veh/km. The corresponding speed values were calculated using the
exponential model with stochastic noise to simulate real traffic behavior.

3.2 Model Implementation

The model was implemented using numerical simulation techniques. Traffic flow and speed variations
were analyzed to identify congestion thresholds and capacity limits.

3.3 Determination of Critical Parameters

To determine the maximum traffic capacity, the first derivative of the flow function is taken:

ﬂ — a9 ,-’k Ky 1 £
TR s :
dk ko

Setting the derivative equal to zero:

Substituting back:

1
Amazr = I\'D ‘VUy-€

3.4 Numerical Simulation Procedure (Yangi)

To analyze the behavior of the model, numerical simulations are performed using discretized density
values:

k=10, 20, 30,...,120

For each density value:

1. Speed is calculated using the exponential model

2. Flow is computed using q=k-vq = k \cdot vg=k-v

3. Random noise is added to simulate real-world variability

This approach allows the model to approximate realistic traffic conditions.
3.5 Model Advantages

The proposed methodology offers several advantages:

e Analytical simplicity

High interpretability

Ability to capture nonlinear congestion behavior

Compatibility with ITS systems
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Results

Table 1. Traffic Flow Parameters.

Traffic Density (veh/km) Average Speed (km/h) Traffic Flow (veh/h)

10 93.5 935
30 78.0 2340
60 55.6 3336
90 46.7 4200
120 35.9 4309
Fundamental Diagram: Flow-Density Relationship
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Figure 1. Fundamental Diagram (Flow—Density Relationship).

o The traffic flow increases with density up to a critical point.
o After reaching maximum capacity, congestion causes flow instability [8].
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o Average speed decreases exponentially as traffic density increases.
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Figure 2. Speed—Density Relationship.

The model clearly captures congestion formation [9].
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Discussion

The results obtained in this study confirm that mathematical modeling provides a reliable and
scientifically grounded framework for forecasting road traffic capacity under varying traffic conditions.
The developed model successfully captures the fundamental relationships among traffic density,
vehicle speed, and traffic flow, thereby enabling a deeper understanding of traffic system behavior.
The simulation outcomes demonstrate that the proposed approach is capable of identifying critical
traffic states and predicting capacity limits with a high degree of interpretability [10].

One of the key advantages of the proposed methodology is its ability to represent nonlinear traffic
dynamics. Unlike traditional linear traffic models, which often fail to describe the complex interactions
occurring under congested conditions, the exponential speed—density relationship accurately reflects
the gradual transition from free-flow traffic to saturated and congested states. This characteristic allows
the model to reproduce realistic traffic phenomena, including speed reduction, flow instability, and
capacity degradation as traffic density increases [11].

The findings further indicate that the proposed model can serve as an effective decision-support tool
for transportation planners and traffic management authorities. By providing estimates of critical
density and maximum traffic throughput, the model can assist in evaluating roadway performance,
identifying potential bottlenecks, and designing strategies for congestion mitigation. Such applications
are particularly important in rapidly urbanizing regions where transportation demand continues to grow
faster than infrastructure capacity [12].

Another significant advantage of the proposed framework is its computational efficiency. Because the
model is based on relatively simple analytical expressions, it can be implemented without requiring
extensive computational resources or large-scale datasets. This makes it suitable for integration into
intelligent transportation systems (ITS), real-time traffic monitoring platforms, and urban traffic
control centers where rapid decision-making is essential [13].

Furthermore, the proposed methodology provides a strong foundation for future technological
developments in traffic forecasting. The model can be enhanced through the incorporation of real-time
sensor measurements, GPS-based vehicle tracking data, connected vehicle technologies, and Internet
of Things (IoT) infrastructures. In addition, machine learning and artificial intelligence algorithms may
be combined with the proposed mathematical framework to develop adaptive forecasting systems
capable of continuously updating predictions according to changing traffic conditions [14].

Overall, the discussion demonstrates that the proposed mathematical model not only offers theoretical
insights into traffic flow behavior but also possesses considerable practical value for modern
transportation engineering applications. Its flexibility, interpretability, and compatibility with
advanced digital technologies make it a promising tool for improving traffic management efficiency,
reducing congestion, and supporting the sustainable development of intelligent transportation networks
[15].

Conclusion

This research has presented a comprehensive mathematical approach for forecasting road traffic
capacity through the analysis of traffic flow dynamics. The study was motivated by the growing need
for accurate and reliable forecasting methods capable of supporting modern transportation
management systems in increasingly congested urban environments. By employing a nonlinear
exponential speed—density relationship, the proposed model successfully captures the fundamental
interactions among traffic density, vehicle speed, and traffic flow while preserving analytical
simplicity and physical interpretability.

The obtained results demonstrate that traffic flow exhibits a nonlinear dependence on traffic density.
As traffic density increases, traffic flow initially grows and reaches a maximum value at a critical
density level. Beyond this threshold, additional increases in density lead to congestion formation, speed
reduction, and deterioration of traffic performance. These findings are consistent with established
traffic flow theories and confirm the capability of the proposed model to reproduce realistic
transportation phenomena. The analytical derivation of the critical density and maximum traffic
capacity provides valuable quantitative information for transportation engineers and traffic
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management authorities.

The numerical simulations performed in this study further validate the effectiveness of the proposed
methodology. The generated traffic scenarios clearly illustrate the transition from free-flow conditions
to congested states and demonstrate the model’s ability to identify operational limits of roadway
infrastructure. The inclusion of stochastic variability in the simulation process also improves the
realism of the obtained results and enhances the practical applicability of the model.

An important contribution of this research lies in the balance achieved between mathematical rigor and
practical implementation. Unlike highly complex simulation-based traffic models that often require
extensive computational resources and large datasets, the proposed framework offers a relatively
simple yet effective forecasting mechanism. This makes the model particularly suitable for rapid traffic
assessments, transportation planning studies, and decision-support systems operating under limited
data availability.

From an applied perspective, the proposed model can support numerous transportation engineering
tasks, including urban traffic signal optimization, highway capacity assessment, congestion mitigation
strategies, intelligent transportation system deployment, and infrastructure investment planning.
Transportation agencies may utilize the model to evaluate future traffic demand, identify potential
bottlenecks, and design more efficient traffic management policies. Furthermore, the methodology can
be integrated into real-time monitoring platforms to provide dynamic estimates of roadway
performance and support proactive traffic control measures.

The research also highlights the importance of mathematical modeling as a fundamental tool for
understanding and predicting traffic system behavior. By establishing a clear relationship between
traffic variables and roadway capacity, the study contributes to the development of more reliable
forecasting methodologies capable of addressing contemporary transportation challenges. The
proposed framework can serve as a foundation for more advanced predictive models incorporating
additional traffic variables, environmental conditions, and driver behavior characteristics.

Future research directions may include the integration of real-world traffic sensor data, GPS-based
vehicle tracking information, machine learning algorithms, and artificial intelligence techniques to
improve forecasting accuracy and adaptability. The incorporation of multi-lane traffic interactions,
heterogeneous vehicle compositions, connected and autonomous vehicles, and smart-city
transportation infrastructures may further enhance the practical relevance of the model. In addition,
comparative studies involving different traffic flow theories and large-scale empirical datasets would
provide deeper insights into the robustness and generalizability of the proposed approach.

Overall, the developed mathematical model represents a valuable contribution to the field of
transportation engineering by providing an efficient, interpretable, and practically applicable tool for
forecasting road traffic capacity. Its implementation can facilitate more informed decision-making,
improve traffic management efficiency, reduce congestion-related losses, and support the sustainable
development of modern transportation systems.
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